HYPERCONTRACTIVITY AND ASYMPTOTIC BEHAVIOUR IN 
NONAUTONOMOUS KOLMOGOROV EQUATIONS 
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Abstract. We consider a class of nonautonomous second order parabolic 
equations with unbounded coefficients defined in / X R'', where / is a right- 
halfline. We prove logarithmic Sobolev and Poincare inequalities with respect 
to an associated evolution system of measures {fit : t £ I}, and we deduce hy- 
percontractivity and asymptotic behaviour results for the evolution operator 
G{t,s). 
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1. Introduction 
We consider nonautonomous Cauchy problems, 

\ u{s,x) = fix), X gR'', 

where {A{t)}t£i is a family of second order differential operators, 
{A{t)C){x) = TyiQ{t)D'a^)) + (6(t, x), VC(x)), 



(1.1) 



(1.2) 



with smooth enough coefhcients Q — [qij]ij^i d and b — (6i, . . . , bd), defined in I 

and / X M'', respectively, where / is an open right halfline and s G /. Throughout 
the paper we assume that the coefficients qij are bounded and that the operators 
A(t) are uniformly elliptic, i.e., there exists a positive constant rjo such that 



ee 



te/. 



(1.3) 



Problem (jl.ip arises (after time reversal) as a Kolmogorov equation of the stochastic 
differential equation 

dX{t, s, x) = b{t, X{t, s, x))dt + <T{t)dWt, X{s, s, x) = x, 

where Wt is a standard d-dimensional Brownian motion, and Q{t) ~ cr(t)(cr(i))*/2. 
There is no need that b be bounded to have existence in the large of a strong 
solution for every x € M.''- and to define the transition evolution operator / k->- 
E(/(X(i,s,x))) that leads to in]), see e.g., ^]M- 

It is well known that the usual L^ spaces with respect to the Lebesgue measure dx 
are not a natural setting for elliptic and parabolic operators with unbounded coeffi- 
cients, unless quite strong growth assumptions are imposed on their coefficients. For 
instance, ife > no reahzation of the operator {AC){x) = C," {x)±sign{x)\x\^^^ C i^) 
in LP{R,dx) generates a strongly continuous semigroup, as it has been shown in 
[19]. Much better settings are L^ spaces with respect to the so called evolution 
systems of measures {^t ■ t & I}. An evolution system of measures {fit : t G 1} for 
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a Markov evolution operator G{t, s) is a family of Borel probability measures in M.'^ 
satisfying 

Git,s)ffitidx)^ f ffi,{dx), t>sel, feCbiR''). (1.4) 



As noticed e.g., in [5], the family {fit : i £ /} is the natural nonautonomous 
counterpart of the invariant measure for a Markov semigroup in the autonomous 
case. If an evolution system of measures exists, formula (|1.4p allows easily to prove 
that for p > 1 we have 

\\G{t, s)/|Lp(k.,^,) < ||/||lp(r^^,), t>s, fe a(R'^), (1.5) 

and consequently G'(i, s) may be extended to a contraction (still denoted by G{t, s)) 
from LP(R'^,fis) into LP{M.'^,iit) for any t > s. However, in general the spaces 
LP{R'^, fig) and LP{M.'^, fit) are different if t ^ s, and the classical theory of evolution 
operators in fixed Banach spaces cannot be used. 

Under mild assumptions on Q and &, in |12) the existence of a Markov evolution 
operator G(t, s) associated to the family {A{t)}t^I^ as well as the existence of a tight 
evolution system of measures {fit : i G /}, have been proved. In this paper we study 
the asymptotic behavior of G(i, s) as t — ^ +oo, and we prove hypercontractivity 
results in the spaces LP{M.'^, fit). 

In addition to the basic hypotheses of [T^, we assume that the quadratic form 
associated to the Jacobian matrix Vxb is uniformly negative definite, namely there 
exists ro < such that 

This is a strong assumption that yields strong qualitative results, such as the point- 
wise gradient estimate 

|(V,G(t,s)/)(x)| < e'-°(*-^)(G(i,s)|V/|)(x), (1.6) 

valid for every / e G^(R''), t > s, x ^ R'', and its consequence 

II |V,G(t, s)f\ ||iP(K..^,) < Cpe'-«(*-^) ||/||lp(r^^.), t>s + l, / e iP(R^ m,), 

(1.7) 
see [12] . The starting point of our analysis is the proof of the logarithmic Sobolev 
inequality (in short LSI) for the measures /it, in the form 

/ \f\P\og\f\fitidx)<-( f \f\P fitidx)] log ( f \f\Pfitidx)' 

+ pC [ \f^'\\7fW^f^„yflt{dx), (1.8) 



for any t € I, any p £ (l,+oo) and some positive constant G, independent of 
/ G G^(M^), t and p. The gradient estimate (jl.6p allows us to follow the method 
used by Deuschel and Stroock ^ in the autonomous case for the invariant measure 
/i of a Markov semigroup, but the proof is much more complicated because the 
measures fit depend explicitly on time. In particular, we have to deal with the 
regularity oi fit with respect to t. We use in a crucial way a differentiability property, 

^ f fix)fit{dx) ^ - f {A{t)f){x)fit{dx), tel, (1.9) 

valid for every / £ C^{R'^), constant outside a compact set. 

Under Hvpotheses 12.11 the operator G{t,s) is bounded from L5(M'',^s) into 
VF^'«(R'^, fit) for J 9 s < i, g £ (1, +00) ([H]). The question whether it is bounded 
(or, even better, contractive) from L'^{M.'^, fig) into L"^ {M."^ , fit) for some r > g, is 
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particularly meaningful. Indeed, Sobolev embedding theorems do not hold in gen- 
eral, as the simple example of the standard Gaussian measure in M shows, hence it 
is not obvious that G(t,s) improves summability. 

We prove that in fact this is the case. We follow the method of [9 that deals 
with time depending Ornstein-Uhlenbeck operators, 

{A{t)C){x) = ^TT{Q{t){Q{t)rD'C{x)) + {B{t)x+fit),Vax)), i e M, .t e M^ 

(1-10) 
and that is, in its turn, an extension of the method of Gross ([11]) to a nonau- 
tonomous setting, where the LSI (|1.8p plays a fundamental role. However, in [9] 
there are an explicit representation formula for the evolution operator and explicit 
representation formulae for the measures /Xt, that are used in the proof of the LSI 
and of the hypercontractivity. On the contrary, in our case G{t, s) and fit are not 
explicit. 

Another important consequence of (|1.8|) is the Poincare inequality 

ll/-™,(/)||iP(K.,^,)<Cp|||V/|||iP(K.,^,), /el^i'P(K^M.), sel, (1.11) 

where ms{f) ~ J^^ fdfj,s, and Cp is a positive constant, independent of / and s. 
First (II. lip is proved for p = 2, then, by a bootstrap argument, we extend it to 
p>2. 

Using the Poincare inequality with p = 2 and the hypercontractivity of G{t, s), 
we compare the asymptotic behavior (as t — > -|-cxd) of \\G{t,s)f — 'msf\\Lp{R'^,tJ.t) 
and II \\/xG{t,s)f\ ||LP(K'i,^t)- Precisely, we prove the equality 2lp — *Bp, for any 
p £ (l,+C!o), where 

% ^{ueR: 3Mp^^ > s.t. \\G{t,s)f - m,(/)IUp(R.^^^) < Mp,„e"(*-^)||/|Up(K.,^^ 
I3s<t, /eLP(R^A^,)}; 

»p ={c^ e R : 3Np^^ > s.t. || |V,G(i,s)/| |Up(k-,^o < iVp,c.e'^^*-^^||/||LP(K<^,^.), 

s,tel,t~s>l, /eLP(M^/i,)}. 

We also show that 2lp is independent of p. Then, estimate (|1.7p implies that ro 6 
Q3p, and therefore ||G(i, s) — 'rns\\£^Lp{R'^,fis),Lp(R<',fit)) decays exponentially to zero, 
as i — > +0O. 

In the case of the nonautonomous Ornstein-Uhlenbeck operators (|1.10l) we prove 
the conjecture in [5] on the optimal decay estimate of \\G{t,s)f — ™s(/)llL2(jjd^^j) 
as i — >■ -|-oo and we show that the same optimal decay estimate holds also replacing 
L^iR'^,lit) by LP{W^,/jt) for any p > 1. See Subsection O 

The equality 2lp = *Bp was already proved in [14] in the case that the coefficients 
Qij, hi are periodic with respect to t, under more restrictive assumptions and only 
for p > 2. 

Since most of our asymptotic behaviour results arc expressed in terms of the 
measures /Zt, the asymptotic behaviour of /xt as t — >■ +cx) is also of interest. The 
explicit determination of all the weak* limit measures of /i* as i -^ +00 is out 
of hope in general. Here, we consider the case where the coefficients qij and bj 
{i,j = 1, . . . , d) converge as i — >■ -l-oo, and we prove that fit weakly* converges to 
the invariant measure fj, of the semigroup generated by the limiting operator. 

Differently from [^ and [I^ all the results of this paper are proved without using 
the evolution semigroup associated to the evolution family G{t, s). 

Our results heavily rely on the LSI (II. 8p which is proved using the pointwise 
gradient estimate (|1.6p . Even in the autonomous case (|1.6p does not hold when 
the diffusion coefficients depend on x and they do not satisfy the condition in [5T] . 
This is the reason why we consider diffusion coefficients depending only on t. 
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The paper is organized as follows. In Section[5]we introduce our hypotheses and 
we collect some preliminary results. Section [3] is devoted to establish the logarith- 
mic Sobolev inequality and, as a consequence, the compactness of the embedding 
M^^'P(R'^,/is) ^^ LP(R'^,fis), for any p > 2 and any s G I, and the compact- 
ness of the operator G{t,s) from L'p{M.'^,iIs) into L^(M'',/if) for any t > s and 
any p G (l,-|-oo). Next, in Section 3] we prove the hypercontractivity of G{t,s). 
In Section [5] we establish the Poincare inequality for every p > 2, we prove the 
exponential convergence of G{t, s) to mg in £(LP(E'^, ^s), LP{M.'^, /if)) and we char- 
acterize it in terms of the convergence rate to zero of VxG{t, s). In Section [6] we 
study the asymptotic behaviour of fit when the coefficients converge as i — >■ -|-c». 
Finally, in Section [7] we briefly comment on our hypotheses and give examples of 
nonautonomous operators to which the results of this paper may be applied. 

Notations. Let J7 be an open set or the closure of an open set in ]&^ , and let 
k eNU {-l-oo}. We consider the usual spaces G{fl) and G''{fl), as well as C^(ri), 
the subspace of C'^(n) consisting of bounded functions with bounded derivatives 
up to the fc-th order. For a e (0, 1), C°'{V,) is the usual Holder space; we use the 
subscript "loc" to denote the space of all / S C(n) which are a-Holder continuous 
in any compact subset of 51. We use the subscript "c" (resp. "0") instead of "&" 
for the subsets of the above spaces consisting of functions with compact support 
(resp. vanishing at infinity). 

If J C R is an interval, the parabolic Holder spaces C°'/'^^°'{J x W^) [a G (0, 1)) 
and G^'^{J x M'^) are defined in the usual way; the subscript "loc" has the same 
meaning as above. 

About partial derivatives, the notations Dtf := -^, Dif :— g^, Dijf := q^J^. 
are extensively used. 

About matrices and vectors, we denote by det{Q), Tr{Q) and {x,y) the deter- 
minant, the trace of the square matrix Q and the scalar product of the vectors 
x,y G R"*, respectively. The adjoint of Q is denoted by Q* . 

By xa and II we denote, respectively, the characteristic function of the set A CM.'^ 
and the function which is identically equal to 1 in M'^. The ball in R'' centered at 
with radius r > is denoted by 5(0, r). The Lebesgue measure in R'^ is denoted 
by dx. 

2. Assumptions and preliminary results 

Let / be an open right halfline. For t € I we consider linear second order 
differential operators A{t) defined on smooth functions C by 

d d 

{A{t)C){x) = Y, q^Jit)D,JC{x) +J2Mt,x)DrC{x) 

i,j=l 2=1 

= i:Y{Q{t)D^C{x)) + {h{t, x),VC{x)), X e R'', 

under the following assumptions on their coefhcients. 

Hypotheses 2.1. (i) q,, e G^i\l) and b, e G^J^^'^il x R-^) {i,j = 1, . . . ,d) /or 
some a G (0, 1); 

(ii) for every t G I , the matrix Q{t) — [qij{t)\i,j^i d is symmetric and there exist 

< 770 < A such that 

%|eP < (Q(t)C, < A|eP, (t, e ^ X R'*; (2.1) 

(iii) there exists ip £ G'^(M.'^) with positive values such that 

lim ip{x) ^ +00 and {A(t)ip){x) < a-cip{x), (t,x) e IxR'^ (2.2) 

\x\^-\-oo 
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for some positive constants a and c; 
(iv) the first order spatial derivatives of hi exist, belong to C"J^ '" (/ x R**) for any 
i = 1, . . . ,d, and there exists rg < such that 

(V,6(i,x)^,0<r-o|er, (i,x)e/xM^ eeK''. (2.3) 

Throughout the paper we assume that ah the conditions in Hypotheses 12.11 are 
satisfied, if not otherwise specified. Let us make some comments. 

Remark 2.2. As easily seen, condition (|2.3p is equivalent to 

{b{t,x)-b{t,y),x-y)<ro\x-y\^, teI,x,yeR''. (2.4) 

Then: 

(a) taking y = we get {b{t,x),x) < {b{t,0),x) + ro\x\'^, and since tq < 0, for 
any [a, 6] C / there exists a positive constant Ca,b such that 

{b{t, x), x) < Ca,b, te[a,b], xe M"*. (2.5) 

This estimate will be used later, in the proof of the LSI inequality and of 
the hypercontractivity. 

(b) If h{-,y) is bounded in / for some y £ W^, the function ip{x) :— e"^'^^^'" sat- 
isfies Hypothesis HHJiii) if (5 > is small enough. Similarly, if {b{t,x),x) < 
—C\x\^ for |a::| large, with C > 0, /3 > 1 independent of t and x, then the 
function ip{x) :— e^'^' satisfies Hypothesis [2TTJiii) if (5 > is small enough. 
See Section [7] for more details. 

Under Hvpotheses I2.ir i')-fiii). in [12] a Markov evolution operator G{t,s) asso- 
ciated to (jl.ip has been constructed. Here we recall its main properties. 

For every continuous and bounded function / : M'^ — ?> R and for any s g /, 
the function {t,x) M> {G{t,s)f){x) is the unique bounded classical solution to the 
Cauchy problem 

j Dtu{t,x)^A{t)u{t,x), t>s, xeM'', 
\ u{s,x) ^ fix), xeW^. 

Then, G(-, s)f e Ct{[s, +oo) x M'') n C^'^Hs, +oo) x M''). Moreover, 

{G{t,s)f){x)^ j g{t,s,x,y)f{y)dy, s < t, x G M^ (2.6) 



where 5 : {(t, s) G / x / : i > s} x R^ x R'' — )- R is a positive function such that 
||5(i, s,a;, •)l|ii(i{d) = 1 for any t,s £ I, with t > s, and any x £ R'' ([12] Prop. 
2.4]). 

By [121 Thm. 5.4] there exists an evolution system of measures {^t : t £ 1} for 
G{t, s). The Lyapunov function ip is in L^{R'^, ^t) for every t £ I, and there exists 
a constant i\/ > such that 

p{y)lit{dy)<M, t£l. (2.7) 

This implies that the family of measures {/ij : i e /} is tight, that is for every e > 
there exists R = R^ > such that fit{M.'^ \ B{0,R)) < e ioi any t £ I. 

Moreover, 1^^ implies \{G{t,s)f){x)\P < {G{t,s)\f\P){x) for every / £ GbiR'^), 
t>s£l,x£M.'^ and p > 1. Integrating with respect to ^t and using (jl.4p we 
obtain 

l|G(i, s)/I|LP(Ra,^,) < ||/||LP(R<i^^,), t>s£l, (2.8) 

and since Cf,(R'^) is dense in i''(R'^,/is), G{t,s) may be extended to a contraction 
(still denoted by G{t,s)) from LP{R'^,i2s) to LP(R'^,/zt), such that dH]) holds for 
every /eiP(R^/i,). 
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If also Hypothesis I2.1f iv) holds, then {fit : i e /} is the unique tight evolution 
system of measures. See next Remark 12.81 Moreover, in this case the following 
results have been proved in [12l Thm. 4.5] and [15, (proof of) Prop. 3.3]. 

Proposition 2.3. (i) The pointwise gradient estimate 

|(V,G(t, s)f)ix)\P < eP'^«(*-^)(G(t, s)|V/r)(x), (2.9) 

holds for every f 6 Cl{R'^), t > s, x eM."^ and p e [1, +oo). 
(ii) For each p G (l,+oo) and f G L^(R , /is), the function G{t,s)f belongs to 
W^'P{M.'^, ^t) o,nd there exists a constant Cp, independent of f , such that 

II \V^G{t, s)f\ ||LP(R<i.p,) < Cp{t - s)"^/^||/||LP(R<i,^,), s < i < s + 1. 

(2.10) 

Lemma 2.4. Under Huvotheses \'2.1( i)-(iii]. for every s € I the measure /is is 
absolutely continuous with respect to the Lebesgue measure. More precisely, /is = 
p{s, ■)dx for some strictly positive and locally Holder continuous function p : I x 

Proof. The measures fig are absolutely continuous with respect to the Lebesgue 
measure by [T^ Prop. 5.2]. Local Holder continuity and positivity oi p is a conse- 
quence of pQ Sect. 3]. More precisely, by [U Thm. 3.8] we know that the measure 
1/ on I X R'', defined on products of Borel sets A C I and i? C K"* by 

iy{A xB)= p.s{B)ds, 
J A 

has a positive density p with respect to the Lebesgue measure, and p G Cy^^{I x W^) 
for each 7 G (0, 1). Hence, for each Borel set A C / and for C, G C^iW^) we have 



ds I (psidx) ^ / XACdi^ ^ / ^* / Cp{s,-)dx. 

A J&'' JixW Ja Jw 

Since A is arbitrary, 

(^{x)fis{dx) — / ({x)p{s,x)dx, for a.e. s G /. (2.11) 

Let us prove that (j2.1ip in fact holds for every s G /, showing that both sides 
are continuous with respect to s. The right hand side is continuous since p is. 
By (jl.4p the left hand side is equal to /j^^ G{r,s)(pr{dx) for any r > s, and the 
function s 1—^ G{r,s)(^ is continuous in / n (— 00, r], by [121 Lemma 3.2]. Then, 
s 1-^ Jjjjrf (.p-sidx) is continuous in /n(— 00, r], and since r is arbitrary, it is continuous 
in /. Then, (pTTTj) holds for each s G /. 

Let i? C R'^ be any Borel set. Then xb is the a.e. limit (with respect to the 
Lebesgue measure and, hence, with respect to each ps) of a bounded sequence of 
smooth and compactly supported functions. From (|2.1ip we infer 



Ps{dx) = / p{s,x)dx, s^I, (2.12) 

B Jb 

and the proof is complete. D 

The following lemma will be frequently used in the next sections. Its (easy) proof 
follows from a standard truncation argument and the equivalence of the Sobolev 
spaces W^^P{B{0,R),pdx) and W'^'P{B{0,R),dx) for every i? > 0, if p is a locally 
bounded function with positive infimum on every ball. 

Lemma 2.5. Let p,{dx) — p{x)dx be a probability measure on W^ , where p : W^ — > R 
is a locally bounded function with positive infimum on every ball. Then C^(R'^) is 
dense m W^'P{R'^, p). 
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In particular, under Huvotheses \2.Vi i)-{iii). C^iW^) is dense in W^'P{M.'^, jis) 
for each s e I and p G [1, +00). 

As a first consequence, we obtain a decay estimate for the gradient of G(t, s)f 
as t -^ +CXD. 

Proposition 2.6. For every p > 1 there is Kp > such that for each s E I , 
t > s + 1 we have 

II |VxG(i,s)/| |Up(k.,^,) < i^pe'^«(*-^)||/|Up(K.^^^), / e LP{R'',^l,). (2.13) 

Proof. Integrating (12.91) witlr respect to /it and using (II. 4[) we obtain 

II NxG{t,s)f\ |Lp(k..^,) < e^«(*-^)|| |V/| ||lp(k.,^^), t>sel, (2.14) 

for each / e Cl{R'^), and hence for each / G W^'P(R'^, fis) by Lemma O If 
i > s + 1 and / G LP{R'^,Hs), 

II |V,G(t, s)/| |Up(b.,^,) = II \V,G{t, s + l)G{s + 1, s)f\ 1Up(r.,^.), 

and the statement follows from (|2.14[) and (|2.10p . D 

For every t £ I and / G L^(M'',/it) we denote by mt{f) the average of / with 
respect to /if, i.e., 

mtif) = / f{x)Mdx). (2.15) 

In the following lemma we prove that G{t, s)f converges to rns{f) an t ^^ +00. 
It is a first step towards better asymptotic behavior results, and will be used in the 
proof of the LSI inequality. The same result has been proved in jHj in the case 
of time periodic coefficients; here estimate (j2.9p allows us to give a much simpler 
proof. 

Lemma 2.7. For every s G I and p G [1, +00) we have 

lim ||G(t,s)/-m,(/)|Up(K..^^)=0, /GLP(R^/i,). 

Proof Let / G G^{R'^). Then 

(G(i, s)f){x) - m,(/) - / ((G(i, s)f){x) ~ {G{t, s)f){y))fit{dy), t>s, xeR'. 

Set Bt := -8(0, e^'^n'/^), where rg is defined in Hypothesis OJiv), and At := R'^\Bt. 
For i > s and a; G M'' we have 

|(G(i, s)f)ix) - m,(/)| < / |(G(t, s)/)(x) - (G(i, s)/)(y)|/.,(dy) 

|(G(t,s)/)(x)-(G(i,s)/)(y)|/.,(dy) 

Bt 



<2\\f\\^fitiAt) + II I V,G(t, s)/| lU / Ix - y\Mdy) 

JBt 

<2||/|U/i,(A,) + e'-«(*-^)|||V/||U(^N+|^ |y|A*t(d2/)) 

<2||/|UMt(^) + II |V/| lloo (e-^^'^-^^lxl + e-^«^e^'^°*) , 

(2.16) 

where we have used (j2.9p . It follows that 



||G(t,s)/-m,(/)||P,(j,,^^^) <y^ |(G(t,s)/)(x)-m,(/)|Vt(rf^) 
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\iGit,s)f){x)~m,{f)\PMdx) 

Bt 



< 2P\\f\\P,tiMt) + 2P-'[2\\ flUfiMt) + II |V/| llooe-'-^^e 
+ 2P-i(e'-«(*"^)|||V/|||oor / klVt(da;) 

JBt 

+ 2P-^\\ |V/| ||P^e-P''«"e^P''«*(2P-i + 1). 

We recall that the family of measures {/it : i G /} is tight. Therefore, since the 
radius of the ball Bt tends to +00 as t — >■ +cxd and At = M.'^\Bt, lJ.t{At) tends to 
as t ^^ +00. This shows that ||G'(i, s)f — nT-s(/)||Lp(R'',Ait) vanishes as i — >■ +00. 
Since C^{E.'^) is dense in LPiW^, /i^) the statement follows. D 

Remark 2.8. In the proof of the previous lemma the only property of the set of 
probability measures {/Ug '■ s G /} that we use is the tightness. In particular, by 
(j2.16p for every tight evolution system of measures {vs '■ s G /} and for every 
/ G C^{M.'^), the mean values of / with respect to fig and to i^s are the pointwise 
limit of G(t, s)f as t — > +00, so that they coincide for every s. Then, fi^ = i^s, i-e., 
{Hs '■ s G /} is the unique tight evolution system of measures for G{t,s). 

3. Logarithmic Sobolev inequality 

Throughout this section we set OlogO — 0. First of all, we prove a crucial 
preliminary lemma. 

Lemma 3.1. Assume that Huvotheses \2.1l i)-(iii) hold. Then: 

(i) if f £ C'^{W^) is constant outside a compact set K C K'', then the junction 
r H- Jjjd f{x)iir{dx) is continuously differentiable in I and 

-r f{x)fir{dx)^~ {A{r)f){x)fir{dx), re I. 

(ii) Let [a,b] C /. If f e Cj,' {[a,b] x R'^) and f{r,-) is constant outside a com- 
pact set K for every r G [a, &], then the function r (—>• J„^ f(r,x)iir{dx) is 
continuously differentiable in [a, b] and 

-r I fir,x)fir{dx) == Drf{r,x)fir{dx) - {A{r)f{r,-)){x)fj.r{dx), 

Ur jRd jRd jRd 

for every r G [a, b] . 

Proof, (i) To begin with, let us observe that, for any i G /, the function G(i, ■)A{-)f 
is continuous and bounded in (/n(— 00, i]) xR'' —: It xR'^. Indeed, for any a, cto & It, 

\{G{t,a)A{a)f){x) - {G{t,ao)A{ao)f){xo)\ 

<\{G{t,a){A{a)f-A{ao)f)){x)\ 

+ \{{G{t,a)-G{t,<Jo))A{ao)f){x)\ 

+ \{G{t,<j„)A{a„)f){x) - (G(i,aoM(ao)/)(a;o)| 

<\\A{a)f~Aiao)fU 

+ \\iGit,a) - Git,ao))A{ao)f\\oo 

+ \{G{t,ao)A{ao)f){x) ~ (G(i,aoM(ao)/)(xo)|. 

(3.1) 

Clearly, the first and the third addenda in the right-hand side of p.ip vanish as 
CT ^ (To and X ^ xq, respectively. Concerning the second one, we observe that it 
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tends to as (7 — )• Co since the function G{t, ■)g is continuous in It with values in 
Cfc(R'^) for any g e Co(M'^) by [H Lemma 3.2], and A{ao)f € Cc(M''). Again by 
[l2l Lemma 3.2], ior I 3 r, r + h < t we have 

(G(i,r + /i)/)(a:)-(G(t,r)/)(x)=- T '(G(t, a)yi(a)/)(a;)da. 



Integrating over M'' with respect to /it, we get 

\G{t, r + h)f){x) - {G{t,r)f){x))^it{dx) 



{G{t,<j)A{a)f){x)da)fit{dx) 

(J ^{G{t,<j)A{<j)f){x)fit{dx)]da. (3.2) 

Using (|1.4I) . (13. 2p can be rewritten as 

f{x)^r+h{dx) - f{x)flr{dx) = - / ( (yl(CT)/) (x)^o- (^2^) ) ^CT. 

Since the function cr *-> Jjg^(yi(cr)/)(x)/Xo-((ia;) = /jjd(G(t, cr)yi(a)/)(a;)/it((ia;) is 
continuous in It, the claim follows dividing both sides by h and letting /i — ;► 0. 

(ii) For r, r + h Cz [a, b] we have 

f{r + h,x)nr+h{dx)- f{r,x)nr{dx) 



= {fir + h,x)-f{r,x))fj,r+hidx)+ f{r,x)^ir+h{dx)~ f{r,x)^iridx). 

The statement follows from (i) and from the continuity of the density p in / x R"^ 
(Lemma [231). D 

In the proof of the LSI we will use also the next convergence lemma, a conse- 
quence of Lemma 12.71 

Proposition 3.2. For every f e G(,(R'^) with positive infimum, 



hm / {G{t,s)f){x)\og{{G{t,s)f){x))^Jit{dx)^m,{f)\og{ms{f)), s e I. 

(3.3) 

Proof. Since G(i, s) preserves boundedness and positivity, G(i, s)f is bounded and 
has positive values, for every t > s. Recalling that the function y i— > ylogy is 
l/2-H61der continuous on bounded sets of [0, +oo), we get 

(G(t, s)f)ix) log((G(t, s)f)ix))^it{dx) - msU) log(™.(/)) 

((G(i, s)f){x) log((G(i, s)f){x)) - m,(/) log(m,(/))) /.^(dx) 
<G/ |(G(i,s)/)(a;)~m,(/)|i/V*(rfa:), 

jR<i 

for some positive constant G. By the Holder inequality, 

\{G{t,s)f){x)-m,{f)\^'^^it{dx) < ||G(i,s)/-m,(/)||^/'(^,^^^). 

Then, the claim follows from Lemma [^771 D 

Now, we establish a logarithmic Sobolev inequality. 
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Theorem 3.3. For every / G C^(R'^), p £ (l,+oo) and s E I, we have 
|/riog(|/|);.,(dx)<im,(|/r)log(m,(|/|P)) 

^^ ^ \ir^\VfW^f^o}t^s{dx). (3.4) 



2|ro 

Proof. To achieve p.4p . we would like to follow the method of Deuschel and Stroock: 
differentiate the function 



F{t) := / (G(i, s)/P)(x) log((G(t, s)P){x))^n{dx), t > s, 

and prove that its derivative satisfies the inequality 

F'it) > -Ce-=(*-^) / F-2|V/|V.(dx), i > s, (3.5) 



for some positive constants C and c, independent of/. Then, the claim would follow 
by integrating p.Sp with respect to i from s to +oo and taking (J3.3I) into account. 
However, we have to overcome some difficulties due to the explicit time dependence 
of /if . By Lemma 13.11 we can differentiate the function Jj^^ g^t (dx) if g is (smooth 
enough and) constant outside a compact set. But in general G{t, s)fP \og{G{t, s)fP) 
is not constant outside any compact set. Then we have to introduce a sequence 
of cut-off functions 6'„ in the integral that defines F, and this gives rise to several 
additional terms that have to be controlled. 

We split the proof in two steps. In the first step we prove (13. 4p for functions 
/ S C^(M'^) with positive infimum, then we extend the claim to general functions 
belonging to CHR"^). 

Step 1. Without loss of generality we may assume that sup/ < 1. Indeed, for a 
general function / e CliW^) with positive infimum, the claim follows applying p.4p 
to the function 5 — jJn — . Having sup/ < 1, we get (G(i, s)/p)(x) log((G(t, s)/P)(a;)) 

< for t > s and a; G M'^, and this will be useful to control one of the additional 
terms coming from the cut-off functions. 

So, let / e Cl{W^) be such that < (5 < f{x) < 1 for each x e M"^, and fix s e /, 
p>l. Then, (EIH) implies (G(i, s)P){x) e [6^ , 1] for every i > s and x G W^. 

The above mentioned cut-off functions are standard. We fix 77 G C°° (M) satisfy- 
ing X(_oo4] <1< X(-oo,2] and we set 

6)„(x) = ?7 ( ^ j , x G K'', n G N, (3.6) 

Fn{t)= I e^{x){G{t,s)fP){x)\og{{G{t,s)n{x))Mdx), t>s. 

For every t > s, Fn{t) converges to F{t) as n -^ +00, by dominated convergence. 
Moreover, the function {t,x) h^ 0„(a;)(G(t, s)/p)(x) log((G(t, s)/P)(a;)) is continu- 
ous and bounded in [s, +00) x R'', and it satisfies the hypotheses of Lemma IXlT ii) 
for any interval [a, &] C (s, +cxd). Then, Lemma [2.41 and Lemma |3T](ii) yield that 
Fn is continuous in [s, -l-oo) and differentiable in (s, -l-cxo), respectively. After a long 
but straightforward computation, we get 

dp ,.. f . {Q{t)V,G{t,s)fP,V,G{t,s)F) 

— Kt)=-/ On , . Mdx) 

dt J^d G(t,s)fP 

{G{t, s)fP) log(G(i, s)nTr{Q{t)D^e^)fit{dx) 
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(G(i, s)n log(G(i, s)fP){b{t, •), V0„) fitidx) 

-2 f {Q{t)Ve^,VMt,s)n{\og{G{t,s)P) + l)^it{dx) 

Jr'' 

^■.Ii{t,n)+l2{t,n)+l3{t,n)+h{t,n), t > s. (3.7) 

Then, since Ik{-,n) {k = 1,...,4) are bounded in (s,i) for any t > s and F„ is 
continuous in [s, +oo), 



We claim that 

where 

5M = - / 
By ((^ we have 



4 ^t 

Fn{t)-Fr,{s)=Y, h{<J,n)d<j, t> 

F{t) - F(s) > J g{a)da, t > s, 



(3.8) 



(3.9) 



{Q{<j)V^G{a,s)fP,W.G{cT,s)fP) 
G{a,s)p 



Haidx) 



a > s. 



\Ii{(T,n) ~gi<T)\ 



,n ,, (Q(a)V.G(a,5)F,V.G(a,g)/P) ,, , 

{On 1) ^^^^^^ ^^Adx) 



(G(a,s)|V/^|)2 



<Ae2'-o('^-'^) /" |6»„ _ 1 



fJ-aidx) 



G{a,s)fP 
for every cr > s and n G N. The Holder inequality and formula (|2.6p imply 



G(a,s)|V/n < ( G(a,.)^^) (G(a, .)/p)V2, 



(7 > S. 



Thus, 



|/i(a,n) -g(a)| <Ae2'-"(--) ^^ |0„ - l|G(a,.s) (^^) M.(d^) 

\VfP\^ 



<^g2ro(a-5) 



/P 



|6'„ - l\fi„{dx), 



and consequently lim„^+oc -fi (c, «-) = g{cr) for every a > s. Moreover, |/i(ct, n)| < 
Ap2||jp-2|yj|2||^ Integrating between s and i, by dominated convergence we 
obtain 

lim / Ii{a,n)d(T — / g{a)d(T, t>s. (3.10) 

Let us consider l2{-,n). For a & I and x e M'' we have 

Tr{Q{a)D'e^{x)) =^" ('M^ (Q('^)^'^) , ^' f \^\\ Tr(Q(a)) 



n J n?\x\'^ 
, fWC\ {Q{<^)x,x) 



V — 

n 



n J n\x\'^ 
Recalling that the supports of rj' and 77" are contained in [1,2], we get 

\TiiQ{a)D^0n{x))\<^, ael, 
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where Ci - dA(2||V||oo + IIV'lloo). Then, 
which implies 



C 

/2(cr,n)| <p|log((5)|^, a>s, n<EN, 



hm / /2(cr,n)dcr = 0, t > s. (3.11) 

n— !-+oo J ^ 

Fix now T > s and consider /a (a, n) for s < a < T. Again, since the support of rj' 
is contained in [1, 2] and rj' < 0, for every x G M"* we have 

where Cs^t is the constant in (1^31) . Recalling that -{G{a, s)fP) log(G'(cr, s)P) > 
because /^ < 1, we obtain 

l3{<y, n)>~ f iG{a, s)n log(G(a, s)rW (—) %/v(da;), ,s < a < T. 



On the other hand, 

(G(a,s)/P)log(G(a,s)F)7y' fM") ^ 






and therefore 

liniinf / /3(cr, n)cfcr > 0, s < t < T, 

and since T is arbitrary, 

liminf / l3{a,n)da > 0, t>s. (3.13) 

/4(-,n) tends to as n — ^ +oo, uniformly in [s,+oo), since (|2.9p yields 

|/4(a,n)|<2AMke'-o(--) / (G(a,s)|VF|)|log(G(a,,s)/P) + l|/i^(da:) 



<2AMk|||v/P|||^(pllog(J)| + l), 



for every a > s. Hence, 



lim / h{a,n)da ^0, t > s. (3.14) 



Taking into account ((3?T0l) . ((3?TT|) . (I3TT3)) . (|3TT4)) and letting n ^ +oo in ([3J]), 
formula p.9p follows. Now, since 

= Ap^e^-ol-^) /■ /P-2|v/|V.(dx), 
we get, for t > s, 

Fit) - Fis) > ^Ap^ [ /P-2|V/|V.(dx) / e2'-«(-^)da 

= ^(l_e2'-«(*-)) / r-^\Vf\^f,.idx). 
Letting t — s> +oo and recalling p.3p yields 

m^in^ogim^in) - Fis) >^ f F'^W f\^^i,{dx\ 
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that is, 

/nogrA'.(dx)<m,(r)log(m,(n) + ^ / /P-2|V/|V.(rfa;), 
which coincides with p.4p in our case. 

Step 2. Let now / e Cl{W^) and define /„ := {p + n-^Yl"^. By the first part 
of the proof we have 

/^log(/^)M.(dx)<m,(/P)log(m,(/^)) + ;^ / /r2|v/„|V.(dx), (3.15) 

for any n e N and s e I. Since < /^ < H/^ + Ijl^^ the left-hand side of ((XT5)) 
converges to J^a \f\^ log |/|^ fisidx). Similarly, by dominated convergence we obtain 

hrn m^ifP) log(™,(/^)) = m^Qff) log(m,(|/|P)). 

Observe that |V/„p < |V/p for any n £ N; by the monotone convergence theorem, 
if p < 2, and by dominated convergence, otherwise, we get 

lirn / fP-'\Vfn\^fis{dx) = / \fr'\VfWy^o}f^sidx), 

and the statement follows letting n — > +oo in p.lSp . D 

The logarithmic Sobolev inequality (13. 4p yields some compactness results. 

Theorem 3.4. Fix s e I. Then: 

(i) W^'P{M.'^, fis) is compactly embedded in LP{M.'^,fis) for any p G [2,+oo); 
(ii) for any t > s and p G (l,+oo), the operator G{t,s) : ^^(R'^,^^) -^ L'P{R'^,fit) 
is compact. 

Proof, (i) Let /.i be a Borel measure in K'^ such that for every R > and p > 2, 
LP {B {0 , R) , fi) ~ LP {B {0 , R) , dx) with equivalence of the corresponding norms 
(which is true for our measures fig)- It is known that the occurrence of a logarith- 
mic Sobolev inequality for fj, yields compactness of the embedding W^''^{M.'^, fj,) C 
L^(R'', n), see e.g., jTC]. The proof for p > 2 is not much different, we write it here 
for the reader's convenience. 

Let S be a ball in VF1'P(R'*, ^s)- We prove that S is totally bounded in LP(R'^, ^s)- 
For this purpose, we fix e > and claim that there exists R > such that 

s 
ll/llLp(R<i\B(o,fl),^,) < 2' / e S. (3.16) 

For any fixed / G 23 and /c G N we introduce the set Ek ^ {x E W^ : \f{x)\ < k}. 
Then, 



\f\''d^is = / \f\''d^is + / l/r^Ms 

<kPf,g{R''\B{0,R)) + -^ f \f\P \ogi\ f\)d^^s. 

lOg(fc) jRd 

By the logarithmic Sobolev inequality p.4p (which can be extended to any g G 
W^'P{M.'^, ^s) by Lemma [2751 since p > 2) and the Holder inequality we obtain 

|/|nog(|/|)d/i. <\\f\\l,^^. ^ MWfh.^^.,^^)) 

, pA II ji|p-2 II |V7J.| ||2 



|v/| 
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for some K > 0. Therefore, 

|/|PdA*3 <F/i,(R''\i?(0,i?)) + -^, fe-B. 

'\B(0,fl) logfc 

The claim follows choosing properly k and R. 

By Lemma 12.41 the density of Hs with respect to the Lebesgue measure is a 
continuous and positive function. Since, as we have already recalled the spaces 
LP{B{{),R),Hs) and LP{B{0,R),dx) (and, hence, the spaces W^^p{B{0, R), fi,) and 
W^'P{B{0,R),dx)) coincide, and the corresponding norms are equivalent, by the 
Rellich-Kondrachov theorem there exists a finite number of functions /i , . . . , fm in 
LP{B{0,R),fis) such that 

"^moM) C U {/ e LP{BiO,R),fi,) : 11/ - /,||LP(B(o,fl),M.) < f } , 

where ^[^(o,/?) denotes the set of the restrictions to B{0, R) of the functions in S. 
Using (|3.16p it is easy to check that S is contained in the union of the closed balls 
in LPiW^jUs) centered at fj, with radius e, where fj denotes the trivial extension 
of fj to the whole of R'^. 

(ii) The proof follows by interpolation. Indeed, by estimate (I2.10p . G{t,s) maps 
LP{R'^,fj.s) to W^i'P(R'*,/itj and W^^p(R'', fit) is compactly embedded in LP{R'^,iit), 
for every p> 2. Hence, G{t, s) is a compact operator from LP{R'^, fig) to LP{R'^,fit) 
for every p > 2. Moreover, G{t,s) is also a linear bounded operator from L^{R'^, /x^) 
to L^IR"^, iJt)- Then, the claim follows arguing as in [S] Thm. 1.6.1] with A — G{t, s) 
and with obvious modifications. D 

4. Hypercontractivity of G{t, s) 

The LSI inequality is the main tool in the proof of the following hypercontrac- 
tivity theorem. 

Theorem 4.1. Let s e I, p,q e {l,+oo) wii/ip < e2''ol'-ol'^"'(*-'*)(q- 1) + 1. Then, 
G{t,s) maps i«(M'',^s) to LP{W\nt) for every t > s and 

I|G(<,s)/|Up(r.,^^)<||/|U,(r.,^^), i>s, /eL'?(M^A*s). (4.1) 

Proof. The proof is in two steps. In the first step we show that (|4.ip holds for every 
positive / 6 G^{R'^), which is constant outside a compact subset of R"^. In the 
second step we extend (14. ip to all / £ L'^{R'^, fis)- 

Step 1. Let / e C^iW^) be constant outside a compact subset of R'^ and have 
positive values. Fix g > 1, s e / and set p{t) := e^''°l''ol^ ^*^'*^(g — 1) + 1. Our aim 
is to show that the function 

I3{t) := ||G(t,s)/||Lp(*)(R'i,^0' ^ - ■^' 

is decreasing. This will imply ||G(i, s)/||ip(t)(R<i^^,^) < ||/||i,(Rd^^,), and for p < p(t) 
(14. ip will follow from the Holder inequality. 

Let On be the cut-off functions defined in (j3.6p . By |12] Thm. 2.2, Step 1], 
(i,x) ^ {G{t,s)f){x) e Ci'2([s, -hoo) X R'^). Then, Lemma IXUii) yields that the 
function 

t^ f en{G{t,s)f)P(-'^fit{dx), t>s, 

is differentiable in [s, -|-oo) for every n € N, with derivative given by 
p'{t) [ 9{G{t,s)f)P^'hog{G{t,s)f)Mdx) 
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- p{t){p{t) - 1) / 9{G{t,s)f)P('^-^{Q{t)\/^G{t,s)f,\/,G{t,s)f)fit{dx) 

-2 / {Q{t)\7,{{G{t,s)f)P^'^),\79)fitidx)- f {G{t,s)fr('^A{t)9fitidx). (4.2) 
Let us define the functions /3„ by 

Mt) :- (J Jn{x){{G{t,s)f){x))P^'^ fitidx)] '*" , i € [s,+oo). 

Then, 

/3;w = /3n(t) 

+ R^^"^^^~'^*^^ {J^,(^r.{x){{Git,s)f){x)r^'^Mdx) 
Replacing (|4.2p we get 

p'{t) f e,,{G{t,s)f)P^*hog{G{t,s)f)fit{dx) 



^^\og(^l^^e^ix)iiG{t,s)f)ix)r^'^t,,{dx) 



p{t){f3^{t))pW 

p{t){p{t) - 1) / e,,{G{t,s)fr^*^-'{Q{t)V,G{t,s)f,V,G{t,s)f)Mdx) 



2 / (g(t)V,((G(i,s)/)PW),V0„)Mt(dx) 
{G{t,s)fr^'U{t)enfit{dx) 



Let us fix T > s and note that by p.l2p we have 
{A{t)9,,){x) > TiiQ{t)D^0„{x))+7j' fM^ ^^'T 



n n^ 



s<t<T, a; e 



Hence, for s < i < T, 



.(G(i,s)/)PW/x,(da;) 



p'(t) / 9n{G{t,s)fr^'hogiGit,s)f)^it{dx) 



p{t){f3^{t))pW 
- p(i)(p(i) - 1) / ^n(G(i, s)/)''W-2(g(i)V,G(t, s)/, V,G(i, s)/)M,(dx) 



(Q(i)V,((G(i,s)/)''W),V0„)Ait(dx) 



Therefore, for s < ti < t2 < T we have 



Mt2) - Mh) < / 7n(s)rfs. 

Our claim will be proved letting n — > +oo in (j4.3p . To this aim we note that 



(4.3) 



|/3«(0-/3(i)l<ll(^n-l)G(i,s)/||ip(.,(K.,^,) 



< 



l|^t(da;) 



i/p(t) 
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foo. Moreover, |/3„(i)| < 



which shows that /3n(0 tends to /3(i) for t G [s,T], as n 
ll/lloo ioT t> s and n eN. 

Let us prove that 7„ converges pointwise in [s, T] to the function 7 defined by 

P'it) 



lit) :=/3(i) 



p2(i) 
1 



fog( / {G{t,s)fr^'^Mdx) 

p'{t) f {G{t,.s)fr^'hog{Git,s)f)t,tidx) 



p(t)(/3(i))p(*) 



and that there exists a positive constant Ci such that |7n(i)| < C*! for each t e [s, T] 
and n G N. We have to discuss convergence and estimates just for 



/i,«(i) := 



AG(t,s)fr^'hogiGit,s)f)fitidx) 



and 



^2,„(i) 



,(G(i, s)/f (*)-2^Q(i)V,G(i, s)/, V,G(t, s)/)Ai,(da:), 



since the other terms are easier to deal with: it is enough to recah that || | V0„| ||oo < 
Cn-i and \Tv{Q{t)D^en{x))\ < Gm-^, \rj'{\x\/n)Cs,Tn-^\ < \W\\ooGs,Tn~\ as it 
has been aheady done in the proof of Theorem 13.31 
Concerning /i^„(i), we observe that 

< (G(i, s)/)pW fog(G(i, s)f) < max{e« fog^ i 6 [s, T], < ^ < ||/||oo} =: i?, 
and hence 



hAt)- / (G(t,s)/r(*)fog(G(i,s)/)A*,(da;) 



<H 



l\fitidx). 



The right hand side vanishes as n ^> +cxd, and it is bounded by H for every t e [s, T] 
Next, we consider l2.n{t) and we note that 



<A 



hAt)- / iGit,s)fr^*^'^{Qit)V,Git,s)f,V,Git,s)f)^it{dx) 
|0„ - l|(G(i,s)/)''W-2|V,G(i,s)/|Vt(dx). 



(4.4) 



Using (HH) and, if p(i) < 2, the inequahty G(t,s)f > G(i,s)(inf/) = inf/ > 0, 
that fohows from (|2.6p . we easily deduce that the right-hand side of (|4.4p vanishes 
as n — )■ +00. Moreover, 

|/2.„WI < A / (G(t,s)/f(*)-2|y^^(^^^)j|2^^(^^)^ te[s,T], neN. 

Then, we may let n -^ -|-cxd in (|4.3p and conclude that for s < ti < i2 < ^ we 
have 

m)-m)< f\is)ds, 
Jtl 

and since T > s is arbitrary, the inequality holds for every s < ti < t2- 

Applying the logarithmic Sobolev inequality (\3A\i to the function G(i, s)f we 
get, for t > s, 

l{t)<m'-''-'^(^ I iGit,s)fr('^-^\S7,Git,s)f\^^,,idx) 

-{p{t)^l) I {G{t,s)fr(''>-^{Q{t)\7,G{t,s)f,V^G{t,s)f)fit{dx] 
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\ 2|ro| J jRd 

= 0, 

by the definition oi p{t). Hence, /3(i2) < P{ti)- 

Step 2. Let / G C^(R'') and consider the sequence of functions 



/„(a;) = W|/(x)|2 + i, xGM^ n€K 

V n 

Each /„ belongs to C^(R''), it has positive values and it is constant outside a 
compact subset of M'*. By Step 1, for p < e2')oko|A-i(t-s)^^ _ i) + i ^e have 

\\G{t, s)fn\\LP{R'',tit) ^ ll/n||L9(R<',^,), t> S. 

Since /„ converges to |/| uniformly in R"^', /„ and G{t,s)fn converge to |/| and 
G{t,s)\f\ in L'^(R'',/xt) and in LP(R'',^s), respectively, as n ^> +00. Therefore, 

l|G(t,s)/||ip(Rd,^^) < ||G(t,s)|/|||ip(Rd,^^) < ||/|U,(Rd,^,). (4.5) 

For a general / G L'^(R'^,/is) estimate (j4.5p follows by density, approximating / by 
a sequence (/„)„ c C^°°(R'^). D 

5. POINCARE INEQUALITY AND ASYMPTOTIC BEHAVIOR 

This section is devoted to prove the Poincare inequality for the measures fit and 
to the study of the decay rate of G{t, s) — mg for p> 1. 

The Poincare inequality (J5.7I) could be proved by contradiction, through a clas- 
sical argument (see e.g., [T] Thm. 5.8.1]) that exploits the compactness of the 
embedding Vt^^^P(R'^,/is) ^^ LP{M.'^, fig)- However, this procedure does not allow 
to control the dependence of the constant Cp below on s, whereas in the proof of 
the next Theorem 15.31 we need C2 to be independent of s. Hence, we use different 
arguments. In particular, we use the following lemma. 

Lemma 5.1. Let ^{dx) — p{x)dx he a probability measure in Mr, where p is a 
locally bounded function with positive infimum on every ball, and denote by m{f) 
the mean value of f £ VF^'^(R'^, /i) with respect to fi. Assume that a Poincare 
inequality holds for p — 2, that is 

ll/-rn(/)|U2(R.,^)<C|||V/||U.(R.,^), /eM/i-2(R^^). (5.1) 

Then for every p > 2 there is Gp > 0, depending only on C and p, such that 

ll/-™(/)||iP(R.^^)<Cp|||V/|Lp(R.,^), /eW^i^P(R^M)- (5.2) 

Proof. As a first step, we prove that there exists a positive constant Kp such that 

||ff|li.(R.,,) < Kp II IV5I lli.(R.,,) + 2||ffr^,/.(R._^), g e T^i-P(R^M). (5.3) 

Since p > 2, for every g G VF^'P(R'',/x) the function |g|^/2 belongs to W^'^{R'^, p). 
This can be proved approaching <? by a sequence of functions in C^(R'^), which is 
dense in W^'P{R'', fi) by LemmaHH 

Applying the Poincare inequality (j5.ll) to 1^1^' ^ yields 

llfl'llLP(Rd,^) < -^ llffllLP(R<i,^)ll l^5l llLP(R<i,^) + ll5llLP/2(Rd,^)- 

Using the Young inequality a-^^^/p^s/p <; ^^ _|_ d^^pb with a = H^H^p/Rd )j ^ = 
II \Vg\ ll^pfRd y and choosing e = 2{pC)~^, we get (|5.3p for some positive constant 
Kp depending only on C and p. 
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lip G (2,4] we are done: since p/2 < 2, we have ||5||Lp/2(R£i,^) < llsllia^Kd^^-) and 
5.3p yields 



||5r,.(«V) ^ ^pII \^9\ lli^(M^M) + ^\\9\\lHu^.,y 9 e W'-^iR\^). (5.4) 

Taking g^ f - m{f) with any / £ W^^p{R'^, fi) we get 

11/ - ^"(/)lli.(K..,) < K,\\ |V/| r^,(^,_^) + 211/ - m{f)\\l,^^,^^y (5.5) 

Using again dH]) and || |V/| ||L2(Rd ,,) < || |V/| hpiM"^,,), (E3 yields 

ll/-™(/)||iP(R.,^)<i?p|||V/||Lp(R..,,), /eW^i^P(M'',A*), 2<p<4, 

(5.6) 
with some positive constant Kp depending only on C and p, i.e., (15.21) holds true 
for 2 < p < 4. 

Let now p G [4,8). For any / G W^'P(R''-,fi) we apply (|5.3p to the function 
g = f — Tn{f), and since p/2 e [2, 4), we may use (j5.6p with p/2 instead of p, to get 

(E2D- 

Iterating this procedure, we get (|5.2p for any p > 2. D 

Theorem 5.2. For every p > 2, there exists a positive constant Cp such that 

11/ - ™s(/)IIlp(r^m.) ^ <^pll l^/l lli''(K^A<.)' (5-7) 

/or any / G W^'P(R'^, /is) aJ^rf arij/ s G /. /« particular, if p ^ 2, we can ta/ce 
C2 = A^'^|ro|~^'^, where A anrf tq are defined in Hypotheses \2.1[ 

Proof. For p = 2, estimate ([STT]) follows from the LSI (15^ by t^51T. For the reader's 
convenience we give a sketch of the proof. Let / G C^(R'^) be such that ms{f) = 0. 
Replacing / by /^ := 1 + e/ in the inequality p.4p with p = 2 yields 

f^ilogf^)f,,idx) ~ ||Mli.(K.,^^)log(||Mli.(R.,^^)) =2£2||/,||2^^^,^^^^ +o(e2), 

as e — >■ O"*". Thus, by p.4p we get (|5.7p . If ms{f) 7^ it suffices to consider the 
function / - m,{f). Since Cl{R'^) is dense in W'^''^{R'^, p^) (see Lemma E3)) the 
claim follows. 

For p > 2, the statement follows from Lemma [5. II D 

Next theorem shows how the decay of G(i, s) — rUg to is related to the decay 
of VxG{t, s) to 0. A similar result has been proved in [TH Thm. 3.6] in the case of 
time periodic coefficients under stronger assumptions than ours, and only for p > 2. 
The approach of [Tl] is different from the present one, since it relies on the use of 
the evolution semigroup associated to the evolution family G{t, s). 

For p > 1 we define the sets 2lp and *Bp by 

% ={c^ G K : 3Mp^^ > s.t. \\G{t,s)f - ms(/)|Up(R.,^,) < Mp,^e"(*-^'||/|Up(R.,^^), 
I3s<t, /GLP(R^/is)}; 

»p ={w G R : 3Np^^ > s.t. II |V,G(i,s)/| ||lp(r-,;.,) < ^p,c.e'^(*-^)||/||iP(R.,^,), 
s,tel,t-s>l, /GiP(M^/i,)}. 

Theorem 5.3. The sets 2lp and *Bp are independent of p E (1,+cxd), and they 
coincide. 

Proof. As a ffist step we prove that 2tp and *8p are independent of p G (l,+oo). 
Then, we prove that 2I2 = S2, which yields the conclusion. 
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Step 1. To prove that 2lp is independent of p we use the hypercontractivity of 
G{t,s). Fix pi > I and set p2 = e2''ol'~ol^"'(pi - 1) + 1. Clearly, pi < p^. Let 
p e (pi,P2]- From (I4.ip we deduce 

\\G(t, s)f - m,(/)|Up(R.^,,^) =||G(i,i - l){G{t - 1, s)/ - m,(/))||ip(Ka,^^) 

<||G(i - l,s)/ - ms{f)\\LPi{R.i,f,,^,), 

for any / e LP{R'^, fig)- If w G Slp^ we have 

<A^pi,c^e"^' '^ ||/||Lp(Rd,^^), 
for some positive constant Mp-^_i^, independent of /. Then, 

so that 2lpi C 2lp. 

On the other hand, for t > s + 1, w e 2tp and / G ^^(R'', fig), using again (|4.ip . 
we get 

l|G(i,s)/ - TOs(/)||LPi(Rd,p,) <||G(t, s)/ - ms(/)||LP(Rd^^^) 

= ||G(t, s + l)G(s + 1, s)f - ™.(/)Lp(r.,^,) 

= ||G(t, s + l)G(s + 1, s)f - m,+i(G(s + 1, s)/)|Up(r.,^^) 

<Mp,„e-(*-^-i) ||G(s + 1, s)/||ip(R.,^^^^) 

for some positive constant Mp_^. As above, we conclude that uj G 2lpj so that 

We have thus proved that 2tp = Slp^ for any p G (pi,p2]- Starting from ^2, 
the same arguments yield 2lp = Slp^ = 2tpj for any p G [p2,P3], where p^ = 
g2i)oko|A ^p2 — 1) 4- 1. Note that the sequence defined recursively by pi > 1, 
Pk+i = e^'"'!''''!'^ (pfe — 1) + 1 has limit +oo as fc — > +oo. Hence, iterating this ar- 
gument we obtain 2[p — 2lpj for any p G [pi, +oo). Since pi G (1, +00) is arbitrary, 
2lp is independent of p G (l,+oo). 

In a similar way we prove that *Bp is independent of p G (1,+cxd). Indeed, let 
Pi, p2 and p be as above. If a; G ©p^ and t — s > 2, using (j2.9p and (j4.ip we get, 
for/GGi(M'*), 

II I V.G(t, s)/| l|iP(R.,^,) =11 I V,G(t, t - l)G{t - 1, s)/||ip(R.,^^) 
<||G(t,i-l)|V,G(i-l,.s)/||Up(R.,^^) 
<|||V,G(i-l,s)/||Upi(K.^,,^_^) 

<^p,,.e'^(*"^-^^||/||LPl(R^p.) 
<A^Pi.^e"(*-^-i)||/|Up(K.^^^), 

for some positive constant -/Vpi,td, independent of /, s and i. Since G^(M'') is dense 
in LP{'R'^, fis) the estimate holds for every / G L^IR"^, ^g)- Similarly, if a; G Sp and 
t~ s>2, then 

II |V,G(i,s)/| Lpi(m.,^,) <|| |V,G(i,s)/| |Lp(k.,^,) 

= |||V,G(i,s + l)G(s + l,s)/||Up(R.,^^) 

<iVp,„e"(*-^-i) ||G(s + 1, s)/|Up(k.,^^^^) 

<iVp,„e"(*-'^-^^||/||L.i(E^M.)' 
for some positive constant iVpt^, independent of / G LPi(R'*,/is), s and t. 
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Then, *Bp = *Bpj for any p e {pi,p2]- Iterating this argument as above, we 
conclude that Sp is independent ofpG (l,+oo). 

Step 2. Let us prove that 2I2 — ^2- Fix uj S 2I2, s,t E I, with t — s > 1, and 
/ e L2(R'',^,) with ms(/) = 0. Sphtting G{t,s)f = G(t,i - l)G(i - l,s)/ and 
using (|2.10p we get 

II |V,G(i, s)/| |U2(R.,p^) =11 |V,G(t, i - l)G(t - 1, s)f\ ||l2(r^p,) 

<C2||G(t- l,s)/||z,2(Kd,p,_i) 

<C2M2,„e"(*-^)||/||i2(K.,^,). 

If iris if) 7^ it suffices to apply the above estimate to / — m^ (/) and recall that 
11/ - "1s(/)||l2(k^;.,) < 2||/||L2(i{d,^^). Hence, w e »2, so that 2t2 C ^2- 

Conversely, fix w G *82, s,t E I, with i — s > 1 and / £ L'^{R'^, fig)- Applying the 
Poincare inequality (15.71) (with /i^ and / replaced by fit and G{t, s)f, respectively) 
and observing that nit{G{t,s)f) = ms{f), we get 

||G(t, s)f - ms{f)\\L2{Rd^f_ct} ^\\G{t, s)f - rnt{G{t, s)/)||L2(R^Mt) 

<G2|||V,G(t,s)/|||i2(R.,^^) 

<G2A^2,^e-(*~^'||/||L^(E^p.). (5.8) 

If i — s < I estimate (|5.8p (with the constant C2N2.U1 possibly replaced by a larger 
one) is a direct consequence of (jI.Sp . Then, w G 2I2 and the set equality 2I2 — ^2 
follows. D 

An important consequence of Theorem 15.31 is an estimate for the exponential 
decay rate of G(i, s)f to ms{f). 

Corollary 5.4. For every p > 1 there exists Gp > such that 

||G(i,s)/-m,(/)|Up(R.,^^) <Gpe'-«(*-^)||/|Up(R.,p^), i > s G /, /GiP(M^M«)- 

Proof. It is sufficient to apply Proposition 12.61 and Theorem 15.31 D 

Remark 5.5. Arguing as in the proof of Theorem 15.31 it is possible also to prove 
that 2lp = £p for any p G (1, +00), where 

Cp = {c^ G K : II |V,G(i,s)/| |Up(k.^^,) < ep^„e"(*-^)|l/||vyi.P(R.,^,), 

for any s,t e I, t > s, / G W^'^'iR'^, Hs) and some Qp^^j > O}. 

Remark 5.6. For p = 1 the sets Sl^ and !Bi may not coincide, even in the 
autonomous case. For instance, in the case of the Ornstein-Uhlenbeck operator 
{A(){x) := C"(a;) — x('{x) we have fj,tidx) = (27r)~^/^e~^ /"^dx for every t, and 
every A < is an eigenvalue of the realization of A in L^(R,/i) as shown in [T7]. 
This implies that 2li cannot contain negative numbers, so that 2li = [0, +00). On 
the other hand, in this case tq = — 1 G Si by Proposition 12.61 



6. The case of convergent coefficients as t -^ +00 
Besides Hvpotheses l2.11 we assume here the following additional conditions. 
Hypotheses 6.1. (i) For any r > and some (and hence any) to G /, 

sup \b{t, x)\ < +00; 

{t,x)e{to, + oo)xB{Q,r) 

(ii) there exists a matrix Q G £(M'') such that 

lim Q{t) = Q, 

in L{R'^); 
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(iii) there exist functions bj £ Cj"j,(R'*) {j ~ 1, . . . ,d) such that 
lim bj{t,x) = bj{x), x G M'', j = l,...,d. 

i— >+oo 

Let us consider the elliptic operator A defined on smooth functions C by 

d d 

ACix) = Y. 9«J A,C(^) + Y. bAx)Djax), X e M^ 

Due to Hypotheses 12. iT iiVf iii). the operator A is uniformly elliptic. Moreover, 

{Aip){x)<a~cip{x), xeW^. (6.1) 

It is well known that, under Hypotheses 16. 1[ there exists a Markoy semigroup T{t) 
associated to the operator A in C6(M'*) (see [HI Sect. 4]). For any / e Cb{^'^) 
u = T{-)f is the unique solution to the Cauchy problem 

J Dtu{t,x) ^Au{t,x), (t,a;) e (0,+oo) X M'', 
j u{0,x) ^ f{x), xeK'', 

which belongs to Cbi[0, +00) x R'^) n C^'^{{0, +00) x M'*). Moreover, for any i > 0, 
T{t) is a contraction in Cb(R'^). 

Condition (|6.ip and the Khas'minskii theorem yield the existence of a unique 
invariant measure of the semigroup T(t), i.e., a probability measure /i such that 



Tit)f fi{dx) = I ffiidx), 

for any / e ^(M'') (see [H Sect. 6]). 
Theorem 6.2. For any f £ Cb{M.'^) 



lim / ffitidx) = / ffi{dx), 

ie., //t weakly* converges to fi as t ^ +00. 

Proof. Since the evolution system of measures {fit : t G /} is tight, it admits weak* 
limits as t -^ +00. We will prove that /i is its only weak* limit. For this purpose, let 
(s„) and vq be, respectively, a sequence diverging to +00 and a probability measure 
such that 

lim f ffi,,Sdx)= f fMdx), feCbiW"). (6.2) 



We split the proof into four steps. 

Step 1. Here, we prove that, for any / e C^iW^), the sequence (G(- + Sn,Sn)f) 
converges to T{-)f as n — ;> +00, locally uniformly in [0, +00) x W^. To this aim, 
we observe that the function w„ = G(- + Sn,Sn)f belongs to Ct([0, +00) x M"*) n 
C^'^([0, +00) X R'^) and solves the Cauchy problem 

f DtVnit,x)=A{t + Sn)Vn{t,x), (i, x) G [0, +Oo) X M'', 
\ VniO,x)^f{x), xeM'^. 

Due to Hypotheses [nm and to the classical Schauder estimates, for any r,T > 0, 
there exists a positive constant C (which is independent of n) such that 

||l'n||ci+°/2-2+°([0,T]xB(0,r)) < ^ll/llc^+°(Kd) ■ 

Arzela-Ascoli theorem and a diagonal argument show that there exist a function 

u G Cb{[0, +00) X E'*) n Ci^ot"^^'^^"([0' +°°) X ^'^) and a subsequence (s„ J C (s„) 
such that Vn,^ ^^ m in C^'^([0,r] x B{0,r)) for any T, r > 0, and DfU = Au in 
[0, +00) X K"^. Moreover, u(0, •) = / in E'' since u„(0, •) = / for any n G N. 
Hence, u — T{-)f. Actually, all the sequence (G(- + Sn,Sn)f) converges locally 
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uniformly in [0, +00) — ;■ M.'^ to T{-)f. Indeed, the previous argument shows that 
any subsequence (s^) C (s„) admits a subsequence (s^^) such that G(- + sj^^,sjj^) 
converges to T{-)f in C^'^([0,r] x _B(0, r)) for any r,T > 0, and this is enough 
to infer that the sequence {G{- + Sm-Sn)) converges to T{-)f locaUy uniformly in 
[0,+cx)) xM''. 

Step 2. For any fc S N, the system of measures {fj,k+s„ : n G N} is tight. Hence, 
by the Prokhorov theorem, there exist a subsequence (s^) of (s„) and a probability 
measure Vk such that 

hin f f^lk+s^idx)= f fMdx), /eCb(M'*). 

Using again a diagonal argument, we can extract a subsequence (i„) of (s„) such 
that 

lim [ fiik+tAdx)= j fvk{dx), /eCfc(M'*). (6.3) 



n— >-+oo 



for any /c G N. 

Since {/it : i S /} is tight, the set of measures [v^ : A: G N U {0}} is tight too. 
Indeed, fix e > and let i?o > be such that fit{B{0, Ro)) > 1 — e for any t G I. 

Let V e Cb{R'^) satisfy XB{o,Ra) < ^ < XB(o,flo+i)- Then, 



ip^ik+s^{dx) > / ]l/ifc+5^ (dx) = /ife+5^(_B(0,i?o)) > 1 -e, 

JB{0,Ra) 

for any /c G N U {0}. Letting n -^ +00 gives 



1 — £< / i^i'kidx) < / ]lt^A:(dx) 

"'R'* J B{0,Rq + 1) 

and we thus conclude that i'k{B{0,Ro + 1)) > 1 — £ for any A: G N, showing that 
the set {i^k : fc G N} is tight. 
Step 3. Here, we prove that 

T{k)!yk{dx) = f fMdx), (6.4) 

for any / G C^iW^). Using dm]) and (gSl) we get 



lim / G{k + tn,tn)f^ik+t„idx) = lim / fiit^{dx)^ / fvn{dx), (6.5) 

for any fc G N. We claim that the left-hand side of (|6.5I) equals j^aT{k)fvk{dx). 
Indeed, 



G{k + tn,tn)ffJ,k+uidx)- / T{k)fvk{dx) 
(G(fc + t„, i„)/ - T(fc)/) /ife+t„ (dx) 
T{k)ffik+u{dx) - T{k)fvk{dx] 

By (|6.3D /2.ri tends to as n -> +00. To prove that also /i_,i vanishes as n — ^ +00, 
we fix e > and i? > such that /Ltt(R'' \ B{0,R)) < e for any t G /. Then, we 
estimate 

I/i.n|< / \Gik + t„,t„)f -Tik)f\^ik+tAdx) 

JB{0,R) 

\Gik + tn,t„)f^T{k)f\nk+tJdx) 

R<^\B{0,R) 
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<||G(fc + t„,t„)f - T(A;)/|Uo.(B(o,fl)) + 2||/||oo£, 
since both G{k + tn,tn)f and T{k)f are contractions in Cfc(R'*). By Step 1 

linisup |/i,n| < £ 

n— ^+00 

and, since e > is arbitrary, we conclude that /i_„ tends to as n — > +cxd. Formula 
([Q]) follows. 

Step 4- Here, using formula (|6.4p we conclude the proof. We remark that es- 
timate (EH), with p = I, and Step 1 imply |1 |V^T(i)/| ||oo < e^'"*!] |V/| ||oo for 
every t > 0. Arguing as in the proof of Lemma [^T71 we obtain that T{k)f converges 
to /gi ftJi{dx) locally uniformly in W^, for any / e C^iW^). 

Now, using the same argument of Step 3, we show that 



lim 



T{k)fyk[dx) 



ffiidx). 



(6.6) 



Since {vk : fc G N} is a tight system of probability measures, for any e > there 
exists i? > such that ;/fe(M'^ \ B{0, R)) < e for any A: e N. Hence, 



T{k)fi'k{dx) 



f^.{dx) 



< 



< 



T{k)f 



ffi{dx) 



Vk{dx) 



L 



T{k)f 



\B{0,R) 



fnidx) 



Vk [dx) 



< 



Tik)f~ 
T{k)f- f ffiidx) 



f^J.{dx) 



L°^{B{Q,R)) 



Vk{dx) 

'2||/||ooe, 



which implies that 



lim sup 



T{k)Jvk{dx) 



R"* 



ly-idx) 



< £ 



and (|6.6p follows. 

Formulae (|6.4p and (|6.6I) yield 

fpiidx)^ f fMdx), feC^iR"). 

This shows that vq — pL and completes the proof. 

Remark 6.3. Arguing as in the proof of Theorem l6.2l we can prove that, if a; G 2lp, 
then there exists M > such that 



n 



nt)i 



fKdx) 



<A^e-*||/|U,(R.,^), /GLP(M^/i). 

LP(R<i,/j) 

Remark 6.4. In the case of T-time periodic coefficients considered in [TJ, the 
tight evolution system of measures {nt : t € 1} is T-periodic, namely iJ-t+T = ^^t 
for any t G M, and {^t : t G /} coincides with the set of its weak* limit measures. 
Indeed, if a sequence ^t„ weakly* converges to /z as i„ -^ +00, then setting s„ = 
tn — \tn/T]T G [0,T) (where [•] denotes the integer part) a subsequence (sn^^) of 
(s„) converges to some Sq G [0, T]. Since the function s i-^ Jg^ ffis{dx) is continuous 
in K for every / G Cb{W^), we obtain 

ftJ't^Adx)= / f^s„Adx)^ / ffisoidx), 

jRd JW 

as A; — > +00, for every / G Cfc(M''). Hence, /i = fiso- Conversely, since each measure 
/it is the weak* limit of the sequence of measure (iJ-t+nT), the claim follows. 
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7. Comments and examples 

The key tool of our analysis is estimate (j2.9p , and of course the existence of a tight 
evolution system of measures for G{t,s). With the noteworthy exception of time 
depending Ornstein-Uhlenbeck operators (see Subsection 6.1), Hypotheses I2.1f iii') 
and l2.1f iv) are quite natural conditions that guarantee the validity of estimate (|2.9p 
and the existence of a tight evolution system of measures, respectively. 

Still assuming that Hvpotheses l2.1f iVfiii) hold, we could avoid Hvpotheses l2 . 1 f iv) . 
replacing it by its consequences 

3«: < : \{V.,G{t, s)f){x)\ < e''^'-'\G{t, s)\Vf\){x), I 3 s < t, a: £ M^ 

II NxG{t,s)f\ \\LP(R-i,t,t) < Cp(t-s)"^/2||/||ip(Rd^^^), s <t< s + l, 

plus some control on {b{t, x), x), such as {b{t, x), x) < Ga,b{^ + \x\'^)v{^) for O' ^t ^ 
&, a; e M'', to estimate the integrals 



G{t,s)fnog{G{t,s)P)A{t)er,^it{dx), / G{t,s)PA{t)e^^it{dx), 
that arise in the proof of Theorems 13.31 and 14.11 

7.1. Nonautonomous Ornstein-Uhlenbeck operators. Time depending Orn- 
stein-Uhlenbeck operators, 

(£(i)C)(a;) = ^TiiB{t)B*{t)D'ax)) + {A{t)x + g{t), VC(x)), i G R, xe M^ 

(7.1) 
have been studied in [SjUj. In fact, in these papers backward Cauchy problems were 
considered and the evolution operator was backward, however all the statements 
may be easily rewritten as statements for forward evolution equations and evolution 
operators. 

The assumptions are the following: B,A : M. -^ L{W^) and g : K -> K'' are 
continuous and bounded, Q{t) := B{t){B{t))* /2 satisfies the uniform ellipticity 
condition (|1.3p . and the norm of the evolution operator U{t,s) in M.'^ associated 
to the equation u'{t) = —A{t)u{t) decays exponentially as t — s -^ — oo. More 
precisely, for any s G R, [/(-, s) is the unique solution to the Cauchy problem 

j DtU{t,s) = -A{t)U{t,s), ieR, 

where / denotes the identity matrix, and the decay estimate is 

iVoiU) = mi{uj G M : 3M^ > 1 such that \\U{t, s)\\ < M^e'^''*"*), t<s}<0. (7.2) 

Then, it is possible to write down explicitly both G{t, s) and all the systems of 
evolution measures for G(t, s). Among them, the unique tight system of evolution 
measures consists of Gaussian measures fit given by 

Ait(dx) = (27r)-^(detgt)"^e-^<Q*"'(^-9')'^^9'>da;, teR, (7.3) 

where 

/ + 00 
uit,OBiOB*iOU*it,Od^, teR, 

f + 00 



/-l-oo 



So, in this case Hvpothcsis 12 . If iii) is not needed, since the tight evolution system 
of measures is explicit. Assumption (|7.2p is not equivalent to our Hvpothcsis l2.1f iv'). 
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For instance, taking d = 2, A{t) =1 J , we get easily ujq{U) = —1, but 



(|2.3p is not satisfied by any rg < 0. 

However, the proof of Theorem 15.31 relies on the hypercontractivity estimates, 
on the Poincare inequality for p = 2, that holds for the above Gaussian measures 
with constants independent of t, and on the gradient estimates (J2.9I) and (j2.10p . 

Hypercontractivity and estimates (j2.9p . (I2.10p were proved in 9, Thm. 3.3], [51 
Lemma 3.3]. Thus, we can apply Theorem 15.31 and conclude that 2lp = *Bp for any 
p > 1. Again jS; Lemma 3.3] shows that Sp D {ojo{U), +oo) so that 

||G(i,s)/-m,(/)Lp(R.,^^) <Afp,^e"(*-^)||/L.(R.,^^), t > s, (7.4) 

for every uj e {ujo{U),0), f G L^(E'*,^s), p > 1 and some positive constant Mp^^. 
Estimate (J7.4I) improves the decay estimate obtained ior p — 2 in M, Thm. 2.17], 
and it answers positively to the conjecture raised in |9] . 

7.2. More general nonautonomous operators. Here we exhibit some classes 
of nonautonomous elliptic operators that satisfy Hypothesis [2Tjiii), since the other 
ones are easy to be checked. 

Let {A{t))t^i be defined by (|1.2p . and assume that its coefficients g.y and bi 
satisfy the regularity and ellipticity assumptions of Hvpotheses 12 . 1 f i V (^ii) . and the 
dissipativity condition in Hvpothesis 12 . 1 f iv) . Moreover, we assume that there exist 
three positive constants Ki, R, f3 > 1 such that 

{b{t,x),x) <-Ki\xf, t€l, xeR'^\B{0,R), (7.5) 

Then the function 

satisfies Hvpothesis 12.1 f iii) . Indeed, for t E I and \x\ > R we have 

{A{t)^){x) =6Mx)[{Sf3\xf^-^ + {f3 -2)\xf-^){Q{t)x,x) 

+ TTiQmxf-^ + {bit,x),x}\xf-^] 

<Sp^ix)[Sl3A\x\^^-^ + A(d + /3 - 2)\xf-^ ~ Ki\xf^-^)] 

= :gi{x)(p{x). 

If S is small enough (i.e., S < Ki/{(3A)), then liTa^jci^+oo 9i{^) = ^co- Then there 
exist a, c > such that A{t)tp < a — ap ioi t € I. 
If (|7.5p is replaced by 

3yeR'^: sup|6(t,y)| =: K2 < +00, (7.6) 

tei 

then for sufficiently small 6 > the function 

ip{x) ^ e^^^'-y^^ xeR'^ 

satisfies Hypothesis 12.1( 111). Indeed, taking into account that by (|2.4p we have 
{b{t, x), X — y) < ro\x — yp + K2\x — y\ for t E I and x G M"*, we obtain 

{A(t)ip){x) ^{AS^{Q{t){x - y), {x - y)) + 2<5Tr(Q(i)) + 2S{b{t, x),x- y))ip{x) 

<(4(5^A|x - y\^ + 25dA + 25{ro\x - y\^ + K2\x - y\))if{x) 

-■92{x)ip{x). 

If 5 is small enough {5 < |ro|/2A), then lim|^|_j.^oo 52(2;) = —00. Then, there exist 
two positive constants a, c such that A{t)ip < a — ap for t € I. 

Note that condition (|7.6I) is satisfied for every y G K'' in the case of time periodic 
coefficients considered in [14) . 
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